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Locally and Colocally Factorable Banach Spaces 

 

Be Be

 

 

Abstract 
We generalize the concept of locality (resp. colocally) to the concept of locally factorable 

(resp. colocally factorable) such that Theorem 2 is still valid for the new concepts. In addition 

we show that locally factorable and colocally factorable Banach spaces are inherited by 

complemented subspace, then we present some examples and establish relations between 

locally factorable and colocally factorable Banach spaces. 

 

1. Introduction 

 An operator T : X Y  of Banach spaces is an isomorphism if it is an invertible 

bounded linear map, T is an into isometry if Tx x  for every x X , it is a -

isomorphism, 1  , if T is an isomorphism and 
1T , T    . 

 The distance between two homogeneous maps 1 2T and T  acting between the same 

spaces is given by 

 
 1 2 1 2dist (T ,T ) sup T x T x : x 1   . 

 We note that bounded maps are those maps at a finite distance from the zero map, also 

it should be kept in mind that linear maps are not assumed to be bounded. Let E  be a family 

of finite dimensional Banach spaces, a Banach space X is said to contain E  uniformly 

complemented  if there exists a constant c such that for every EE , there is a                    

complemented subspace A of X which is c-isomorphic to E. It is clear that X contains  E  

uniformly complemented if and only if its second dual **X  does. A Banach space X is said to 

be -locally E  if there exists a constant 1   such that every finite dimensional subspace A 

of X is contained in a finite dimensional subspace B of X such that BMd (B,E)   , for some 

EE , where BMd (B,E)  is the Banach-Mazur distance between B and E, and is defined by 

      1

BMd (B,E) inf T T : T : B E is an isomorphism of B onto E  . 

If  n

p n 1




E , then X is an pL -space. 

 A closed subspace Y of a Banach space X is said to be locally complemented in X if 

for every finite dimensional subspace E X  there exists an operator P: E Y  such that P is 

the identity on Y E  with P M  for some M independent of E.  

 A Banach space X is called -colocally E  (or colocally E ) if there exists a constant 

1   such that every finite dimensional quotient A of X   is a quotient of another finite 

dimensional quotient B of X satisfying BMd (B,E)    for some EE . 

The space pL ( ) , for any measure , is both locally and colocally  n

p n 1




. 

 Let X be a Banach space, XC  be the set of all finite dimensional subspaces A of X 

directed by the inclusion, and let X(A;C )  be the collection of all 
X

X

A A C
A C

(X ) A


   such 

that  
X

A A C
x


 is bounded, with norm given by 

                                                 

 Associate Professor, Dr, Department of Mathematics, Yadanabon University 



2 

Yadanabon University Research Journal, 2019, Vol-10, No.1 

   
X

X

A AA C
A C

x sup x


 

 . 

 Let U  be an ultrafilter on XC  that refines the corresponding order filter, and let 

XA C

A


 
 

 U

 be the ultraproduct of the family XC  with respect to the ultrafilter U , that is 

XA C

A


 
 

 U

 is the quotient space X(A;C ) / N U , where 

    
X

A X AA C
N x (A;C ) : lim x 0

  U
U

. 

The elements of 
XA C

A


 
 

 U

 are denoted by  Ax
U

 and its norm is given by  A Ax lim x
U U

. 

The map
X

X
A C

J : X A


 
  

 U

defined by  X AJ (x) x
U

, where A Ax x, if x A and x 0   , 

otherwise, is an isometry of X onto a subspace of 
XA C

A


 
 

 U

. Moreover the bidual of X is 

isometrically isomorphic to a quotient of an ultraproduct of the finite dimensional space of X. 

 A diagram qi0 Y X Z 0     of quasi Banach spaces and bounded 

linear operators is called an exact sequence if the kernel of each arrow coincides with the 

image of the preceding one. The open mapping theorem implies that X contains i(Y) and the 

quotient X/i(Y) is isomorphic to Z. In this case, we shall say that X is a twisted sum of Y and 

Z. Two exact sequences 10 Y X Z 0     and 

20 Y X Z 0     are said to be equivalent if there is a bounded linear 

operator T making the diagram 

  

1

2

0 Y X Z 0

T

0 Y X Z 0

   



   

 

commutative. The open mapping theorem implies that T must be an isomorphism. An exact 

sequence 0 Y X Z 0     is said to split if it is equivalent to the trivial exact 

sequence 0 Y Y Z Z 0     , in this case, we say that X is trivial. We 

denote by Ext(Z,Y)  the space of all equivalence classes of locally convex twisted sums of Y 

and Z. Thus Ext(Z,Y) 0  means that all locally convex twisted sums of Y and Z are 

equivalent to the direct sum Y Z . 

 

2. Locally Factorable and Colocally Factorable 

 Let E  be a family of finite dimensional Banach spaces. A Banach space X is said to be 

-locally E -factorable (or simply locally                  E -factorable) if there is a constant 1   

such that for every finite dimensional subspace A of X, there is  AE E , called a companion 

of A, and there are bounded linear maps A A: A E  , A A: E X   with 

A A A A Aand such that i         , where Ai : A X  is the inclusion map. The 

maps A A,   are the bounded linear factorization of Ai  through AE , and the diagram 

 

 

 

 

  

 

A X 
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is called a locally factorable diagram for A with respect to AE . Note that a companion 

AE E of A is not unique. It is clear that if a Banach space X is -locally E , it is -locally E -

factorable. Also, it is obvious that if a Banach space X is locally E -factorable, so is every 

complemented subspace of X and every Banach space isomorphic to X. On the other hand, a 

complemented subspace of a Banach space which is locally E  need not be locally E  also. 

Indeed, the space pL (0,1) , 1 p   , p 2 , is locally  n

p n 1




 and contains a complement 

subspace pA  which is not locally  n

p n 1




 since it is isomorphic to a Hilbert space. 

 Throughout this paper andE F  denote families of finite dimensional Banach spaces 

and *E  denotes the family of the duals of the spaces in E . We say that E  is     c-chained to 

F , c 1 , if for each EE , there is GF  and bounded linear maps T : E G, Q:G E   

with 
ET c, Q c such that Q T id   . 

2.1 Theorem 

 Let ,E F  be two families of finite dimensional Banach spaces such that E  is c-

chained to F . If X is a Banach space -locally E -factorable then X is c-locally F -

factorable. 

Proof: 

 Let A be a finite dimensional subspace of X, and consider a locally factorable diagram 

for A with respect to a companion AE E  

 

 

 

 

 

 

By hypothesis, there is AG F  and bounded linear maps QT
A A AE G E   such that 

AEQ T id with T c, Q c   . 

 Thus the composition bounded linear maps A A AT : A G     and 

A A AQ : G X     satisfy 
A A Ai    with 

A Ac , c      . That is, the maps 

A A,   are bounded linear factorization of Ai through AG F . Therefore X is c-locally F

-factorable.            

 

2.2 Theorem 

 Let X be a locally E -factorable Banach space, and let Y be a locally complemented 

subspace of X. Then Y is locally E -factorable. 

 

Proof: 

 Let A be a finite dimensional subspace of Y, and consider a locally factorable diagram 

for A with respect to a companion AE E  

 

 

 

 

 

 

  

 

A X 

 

  

 

A X 
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Since Y is a locally complemented in X, and A A(E )  is a finite dimensional subspace of X, 

there is a bounded operator A A Ap : (E ) Y   such that Ap is the identity on A A(E ) Y  . 

Thus p(A) is the identity on A, since 

 A A A A AA i (A) ( (A)) (E ) Y       . 

Therefore, A A A A Ai p i    . Hence Y is locally E -factorable.            

 

 Since any Banach space X is locally complemented in its bidual space **X , we have 

 

2.3 Corollary 

 Any Banach space X has the same local factorable structure as **X . 

 The following corollary is immediate since L  spaces are locally complemented in 

any superspace. 

 

2.4 Corollary 

 All L  spaces are locally E -factorable whenever an L  space is contained in a locally 

E -factorable space. 

 

2.5 Corollary 

 All 1L  spaces are locally *E -factorable whenever an L  space is contained in a locally 

E -factorable space. 

Proof: 

 It is easy to see that the family  n

n 1



 
 is chained to the family E . 

Hence the family  n

1 n 1




 is chained to the family 

*E .                

 

2.6 Example 

 The Schreier Space S is the completion of the space of finite sequences with respect to 

the following norm: 

  j
j AA

x sup x


 
  

 
, 

where the supremum is taken over all admissible subset of N which are defined as the finite 

subsets  1 2 kA n ,n , ,n  of N such that 1 2 k 1n n n and k n    . 

 So, if kS  denotes the subspace of the Schreier space S generated by the first    k 

elements of the canonical basis  i i 1
e




, then every L  space is locally  k k 1

S



factorable, 

since S contains isometric copies of the L  space 0c . 

 

2.7 Theorem 

 Let X be a Banach space which is -locally E -factorable and complemented in its 

bidual. Let U  be an ultrafilter refining the order filter on the net XC  of the finite dimensional 

subspaces A of X. Then X is isomorphic to a complemented subspace of the ultraproduct 

X

A
A C

E


 
 

 U

 of all companions A XE of A C E . 
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Proof: 

 For each XA C , consider a locally factorable diagram with respect to a companion 

AE E  

 

 

 

 

 

 

Let  
X

A A
A C

y E


 
  
 

U
U

. 

Then  
X

A A C
y

 
 is a bounded net, since 

       A A A Xy y N E ;C / N  U UU
, 

where     
X

A A X AA C
N y E ;C : lim y 0

  U
U

. 

Therefore,    
X

** *

A A A C
(y ) is X ,X


  -bounded in **X , since it is bounded in 

 

 

 

Thus, the  ** *X ,X -closure of   **

A A X(y ) : A C in X    is compact. 

Hence the weak-* limit of  
X

A A A C
(y )


 over U  exists. 

Define a mapping 
X

**

A
A C

: E X


 
  

 U

 by 

    A A A(y ) weak *lim (y )  U
U

. 

If  is a projection of 
**X  onto X, and XJ  is the natural isometric embedding of X onto 

XA C

A


 
 

 U

, then the composition maps 

     
X X

**

A
A C A C

A E X X  

 

   
      

   U U

 

is the identity map on X, where 
X X

A
A C A C

: A E
 

   
     

   U U

 is the map given by 

   A A A(x ) (x )  U U
. 

That is X X( ) ( J ) id    . 

Therefore X is isomorphic to a complemented subspace of the ultraproduct 
X

A
A C

E


 
 

 U

 of all 

companions A XE of A C E .                         

  

 Using the proof of Theorem 3 with  n

p n 1




E , the following corollary is obvious. 

 

  

 

A X 

X X
**

. 

X 
JX 
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2.8 Corollary 

 If a Banach space X is locally  n

p n 1




-factorable, 1 p   , then X is an pL  space (or 

an 2 if 1 p L ). 

 

2.9 Example 

(i) Consider the James space J, that is, the Banach space  J,   of     all real sequences 

1 2x (a ,a , )  such that 
n

n
lim a 0


  and   2i 1 2i

n 2

p p
i 1

a a




   , where the supremum is taken 

over all choices of n and positive integers 1 2 2np p p   , equipped with the norm 

    2i 1 2i

1/2n 2

p p
i 1

x sup a a




  . 

The unit vector  n n 1
e




 form a basis of J. 

For each n, let  n 1 nJ span e , ,e , then J is (1 ) -locally  n n 1
J




, and hence, is locally 

 n n 1
J




factorable. 

(ii) Every separable Hilbert space is locally  n n 1
J




-factorable. 

Indeed, 2  is isomorphic to a complemented subspace of J and J is (1 )  -locally  n n 1
J




. 

 

2.10 Theorem 

 Let E  be a family of finite dimensional Banach spaces, and let Y be a Banach space 

complemented in its bidual. If Ext(W,Y) 0  for some Banach space W containing E  

uniformly complemented, then Ext(X,Y) 0  foe any Banach space X which is locally E -

factorable. 

Proof: 

 Let X be a Banach space which is -locally E -factorable, and let U  be an ultrafilter 

refining the ordered filter on the net XC  of the finite dimensional subspaces A of X. 

 Let F: X Y  be a zero linear map and consider a locally factorable diagram for 

XA C  with respect to AE E  

 

 

 

 

 

 

 

Then A AF : E Y   is a z-linear map. 

So there is a constant t, independent of A and a linear map A AL : E Y  such that 

 A A A AF (y) L (y) tZ(F ) y , y E     . 

If x X , then A Xx x A for some A C   . 

 

  

 

A X 
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A A A A A A A A A A A A

A A A A

A A A A

2

A A

L (x ) L (x ) F( ( (x ))) F( ( (x )))

tZ(F ) (x ) F(x )

tZ(F) x F(x )

t Z(F) x F(x ) .

        

   

   

  

 

Let 
X X

A A
A C A C

: A L (E )
 

   
     

   U U

 be the map given by 

  A A A A((x ) ) (L (x ))  U U . 

As in the proof of Theorem 3, the  ** *Y ,Y -limit of 
XA A A A C(L (x ))   over U  exists in 

**Y . 

Hence, we can define a map 
X

**

A A
A C

: L (E ) Y


 
  

 U

 by 

     A A A A A A(L (x )) weak *lim L (x )   U
U

. 

Given a projection  of **Y  onto Y and putting XL J    where XJ  is the natural 

isometric embedding of X into 
XA C

A


 
 

 U , 

we have for every

 

x X , 

 

A

A A A

A A A A A A

2

F(x) L(x) F(x) L(x)

F(x) (x )

weak *lim(F(x) L (x )

weak *lim(F ( (x )) L ( (x ))

t Z(F) x .

    

   

   

     

  

U

U

U

 

 Thus F is trivial. 

 Therefore Ext(X,Y) 0  for any Banach space X which is locally  E -factorable. 

                             
 

2.11 Definition 

 Let E  be a family of finite dimensional Banach spaces. A Banach space X is said to be 

-colocally E -factorable (or simply colocally factorable E ) if there is a constant  such that 

for every finite dimensional quotient B of X, there is BE E , a companion of B, such that the 

quotient map Bq : X B  factors to bounded linear maps B B: X E   and B B: E B   with 

B B Band through E      , the diagram 

 

 

 

 

 

 

 

is called a colocally factorable diagram for B. 

 

 

  

 

X B 
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2.12 Theorem 

 A Banach space X is -colocally E -factorable if and only if *X  is -colocally *E -

factorable. 

Proof: 

 Suppose that X is -colocally E -factorable. 

Let B be a finite dimensional subspace of *X . 

Since B is 
* -closed, *B (X / A)  for some closed subspace A of X which implies that *B  is 

a quotient of X, since * **B (X / A) X / A  . 

Consider a colocally factorable diagram for *B , and then take adjoints of its maps 

 

 

 

 

 

 

 

we have a colocally factorable diagram for B, since 

 * * * *

Bq i ,          and *     . 

Therefore *X  is -locally *E -factorable. 

Conversely, suppose that *X  is -locally *E -factorable. 

Let B X / A  be a finite dimensional quotient of X. Then * *B (X / A) A   is a subspace of 
*X  and the adjoint of the quotient map q : X B  is the inclusion map * * *q : B X  of 

* *B into X , where A  is the annihilator of A. 

Hence, there is 
* *E E  and bounded linear map 

* * *B E X    such that 
*q , with and         . 

If we take adjoints of the maps, we have 

 

 

 

 

 

 

It is to see that * * **

X X
q q    . 

Therefore X is colocally E -factorable.                          

 

2.13 Corollary 

(i) All L  spaces are colocally E -factorable whenever an L  space is contained in a 

locally E -factorable space. 

(ii) All 1L  spaces are colocally 
*E -factorable whenever an L  space is contained in a 

locally E -factorable space. 

 

2.14 Theorem 

 If the dual 
*X  of a Banach space X is -colocally 

*E -factorable, then X is (1 )  -

locally E -factorable for every 0 . 

 

  

 

X B
*
 

 

  

 

B=B
**

 X
*
 

 

  

 

 X
**
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Proof: 

 Suppose that *X  is -colocally *E -factorable. 

Let A be a finite dimensional subspace of X. 

Then 
*A X / A  is a quotient of *X . 

Hence, there is * *E E  and bounded linear maps 
* * *X E A    such that 

q with and          where * *q : X A  is the quotient map. 

If we take adjoints of the maps, we have 

 

 

 

 

 

 

Since *q  is the inclusion map of ** **A A into X , we have 
* * * *A q (A) ( (A)) (E)      . 

By the principle of local reflexivity, for every 0 , there is an (1 ) -isomorphism 
*T : (E) X   such that *Tx x for all x (E) X    which implies that 

* * *

A(T ) q i    . 

That is, we have the diagram 

 

 

 

 

 

is a locally factorable diagram for A. 

Therefore X is (1 )  -locally E -factorable, since *T (1 )    .      

 

2.15 Corollary 

 Let X be a Banach space. If **X  is locally E -factorable (resp. colocally E -factorable), 

then X is locally E -factorable (resp. colocally      E -factorable). 

 

2.16 Theorem 

 Let X and Y be Banach spaces and let 1 2: X Y, : Y X        be bounded linear 

operators such that 1 2 Yid   . If X is colocally         E -factorable, so is Y. 

Proof: 

 Suppose that X is colocally E -factorable. 

Then 
*X  is locally 

*E -factorable by Theorem 2.12. 

Let B be a finite dimensional subspace of 
*Y . 

Then 
*

1A (B)  is a finite dimensional subspace of 
*X . 

Hence there is 
* *E E  and bounded linear maps 

* *A E X    such that Ai   . 

Put 
* *

B 1 B 2and       where 
* * * * * *

1 2: Y X and : X Y     are the adjoint 

maps of 1 2and  , respectively. 

Thus the composition map B B   is the identity operator *

*

Y
id on Y . 

 

  

 

 
 

 

  

 

A X 
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Hence *Y  is locally *E -factorable which implies that Y is colocally           E -factorable by 

Theorem 2.12.                           

 

2.17 Corollary 

 If X is colocally E -factorable, so is every complemented subspace of X, and every 

Banach space isomorphic to X. 
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