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Locally and Colocally Factorable Banach Spaces

Be Be*

Abstract
We generalize the concept of locality (resp. colocally) to the concept of locally factorable
(resp. colocally factorable) such that Theorem 2 is still valid for the new concepts. In addition
we show that locally factorable and colocally factorable Banach spaces are inherited by
complemented subspace, then we present some examples and establish relations between
locally factorable and colocally factorable Banach spaces.

1. Introduction
An operator T:X —Y of Banach spaces is an isomorphism if it is an invertible

bounded linear map, T is an into isometry if |Tx|=|x| for every xeX, it is a A-
isomorphism, A >1, if T is an isomorphism and |T| <2, “T’l“<k.

The distance between two homogeneous maps T, and T, acting between the same
spaces is given by

dist (T,, T,) =sup {| Tx - T,x| : [x| <1} .

We note that bounded maps are those maps at a finite distance from the zero map, also
it should be kept in mind that linear maps are not assumed to be bounded. Let E be a family
of finite dimensional Banach spaces, a Banach space X is said to contain E uniformly
complemented if there exists a constant ¢ such that for every Ee€E, there is a
complemented subspace A of X which is c-isomorphic to E. It is clear that X contains E
uniformly complemented if and only if its second dual X~ does. A Banach space X is said to
be A-locally E if there exists a constant A >1 such that every finite dimensional subspace A
of X is contained in a finite dimensional subspace B of X such that dg,,(B,E) <X, for some

E €E, where dg,, (B, E) is the Banach-Mazur distance between B and E, and is defined by
dg,, (B,E) =inf {||T||HT‘1H:T : B — E is an isomorphism of B onto E}.

If E= {Eg};, then X is an L -space.

A closed subspace Y of a Banach space X is said to be locally complemented in X if
for every finite dimensional subspace E — X there exists an operator P:E — Y such that P is
the identity on Y nE with |P|<M for some M independent of E.

A Banach space X is called A-colocally E (or colocally E) if there exists a constant
A >1 such that every finite dimensional quotient A of X is a quotient of another finite
dimensional quotient B of X satisfying dg,,(B,E) <A for some E €E.

The space L, () , for any measure y, is both locally and colocally {£}

Let X be a Banach space, C, be the set of all finite dimensional subspaces A of X
directed by the inclusion, and let £, (A;Cy) be the collection of all (X,)ac € I A such
AeCy

that (||x,[),_. isbounded, with norm given by
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H( XA )AECX

Let U be an ultrafilter on C, that refines the corresponding order filter, and let

= sup X, |-
© AeCy

( I1 Aj be the ultraproduct of the family C, with respect to the ultrafilter U, that is
U

AeCy

( I Aj is the quotient space ¢_(A;C,)/ N, where
U

AeCy
Ny ={(xA)Aecx € £, (ACy):lim|x,. =O} :

The elements of ( I AJ are denoted by (x, ), and its norm is given by |(x,),[= lim|x, -
U

AeCy

The mapJX:X—{ I1 Aj defined by J, (x) =(x, ), , where x, =X, if xeA and x, =0,
]

AeCy

otherwise, is an isometry of X onto a subspace of [ IT Aj . Moreover the bidual of X is
AeCy U
isometrically isomorphic to a quotient of an ultraproduct of the finite dimensional space of X.

A diagram 0 Y 15X >0 of quasi Banach spaces and bounded
linear operators is called an exact sequence if the kernel of each arrow coincides with the
image of the preceding one. The open mapping theorem implies that X contains i(Y) and the
quotient X/i(Y) is isomorphic to Z. In this case, we shall say that X is a twisted sum of Y and

Z. Two exact sequences 0 >Y > X, >Z >0 and
0 >Y > X, >Z >0 are said to be equivalent if there is a bounded linear
operator T making the diagram

0 >Y > X, >Z >0

0 T 0

0 >Y > X, >Z >0
commutative. The open mapping theorem implies that T must be an isomorphism. An exact
sequence 0—— Y ——> X——>Z——0 is said to split if it is equivalent to the trivial exact

sequence 0— Y —>Y®Z——>Z——0, in this case, we say that X is trivial. We
denote by Ext(Z,Y) the space of all equivalence classes of locally convex twisted sums of Y

and Z. Thus Ext(Z,Y) =0 means that all locally convex twisted sums of Y and Z are
equivalent to the direct sum Y® Z.

2. Locally Factorable and Colocally Factorable
Let E be a family of finite dimensional Banach spaces. A Banach space X is said to be
A-locally E -factorable (or simply locally E -factorable) if there is a constant A >1
such that for every finite dimensional subspace A of X, there is E,eE, called a companion

of A, and there are bounded linear maps ¢, :A—E,, n,:E, = X with
ol <A and |na| <A such that m,o@, =i,, where i, : A— X is the inclusion map. The
maps ¢@,, N, are the bounded linear factorization of i, through E,, and the diagram

i
A <As

ET'-N /"I.-a
I
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is called a locally factorable diagram for A with respect to E,. Note that a companion
E,eEof Ais not unique. It is clear that if a Banach space X is A-locally E, it is A-locally E -

factorable. Also, it is obvious that if a Banach space X is locally E -factorable, so is every
complemented subspace of X and every Banach space isomorphic to X. On the other hand, a
complemented subspace of a Banach space which is locally E need not be locally E also.

Indeed, the space L (0,1), 1<p<o, p=2, is locally {B’;}

) and contains a complement
n=

subspace A, which is not locally {fg}:;l since it is isomorphic to a Hilbert space.

Throughout this paper E and F denote families of finite dimensional Banach spaces

and E” denotes the family of the duals of the spaces in E. We say that E is  c-chained to
F,c>1,if foreach E€E, thereis GeF and bounded linear maps T:E—>G, Q:G—>E

with |T| <c, ||Q] <c such that QoT =id,.

2.1  Theorem
Let E, F be two families of finite dimensional Banach spaces such that E is c-

chained to F . If X is a Banach space A-locally E -factorable then X is Ac-locally F -
factorable.
Proof:

Let A be a finite dimensional subspace of X, and consider a locally factorable diagram

for A with respect to a companion E, €E

1'
A <As %
E'.'I_N /TI-’L
i

By hypothesis, there is G, € F and bounded linear maps E, ——>G, —2—E, such that
QoT=id. with |T|<c, [Q]<c.

Thus the composition bounded linear maps y, =Teo@,:A—G, and
Ba=Ma°Q:G, — X satisfy B, oy, =i, With |y,[<ch,||BA]<ch. That s, the maps

V., B are bounded linear factorization of i, through G, € F . Therefore X is Ac-locally F
-factorable. il

2.2  Theorem
Let X be a locally E -factorable Banach space, and let Y be a locally complemented
subspace of X. Then Y is locally E -factorable.

Proof:

Let A be a finite dimensional subspace of Y, and consider a locally factorable diagram
for A with respect to a companion E, €E

1'
A <25 x

q})\ /TI;L
E."‘.
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Since Y is a locally complemented in X, and n,(E,) is a finite dimensional subspace of X,
there is a bounded operator p, :n,(E,) = Y such that p, is the identity on n,(E )Y .
Thus p(A) is the identity on A, since

A=1,(A) =ma(@a(A)) cna(EL)NY.
Therefore, i, =p,oi, =M, 2@, . Hence Y is locally E -factorable. i

Since any Banach space X is locally complemented in its bidual space X, we have

2.3  Corollary

Any Banach space X has the same local factorable structure as X .

The following corollary is immediate since L spaces are locally complemented in
any superspace.

2.4  Corollary
All L_ spaces are locally E -factorable whenever an L, space is contained in a locally
E -factorable space.

25  Corollary
All L, spaces are locally E”-factorable whenever an L, space is contained in a locally

E -factorable space.
Proof:

It is easy to see that the family {fl}; is chained to the family E.

Hence the family {KI}; is chained to the family E”. ]

26  Example
The Schreier Space S is the completion of the space of finite sequences with respect to
the following norm:

Ixl=sen( z x|
A JeA
where the supremum is taken over all admissible subset of N which are defined as the finite
subsets A={n,,n,,...,n,} of N'suchthat n,<n,<...<n_ and k<n,.
So, if S, denotes the subspace of the Schreier space S generated by the first k
elements of the canonical basis {e;}._ , then every L, space is locally {S,},  —factorable,
since S contains isometric copies of the L space c,.

2.7  Theorem
Let X be a Banach space which is A-locally E -factorable and complemented in its
bidual. Let U be an ultrafilter refining the order filter on the net C, of the finite dimensional

subspaces A of X. Then X is isomorphic to a complemented subspace of the ultraproduct

(1‘[ EAJ of all companions E, eE of AeC,.
U

AeCy
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Proof:
For each A eC,, consider a locally factorable diagram with respect to a companion

E,<cE

i
A 25 x

D“N / M,
'LJ:."'.

L E :
® (yA)U E(Agx Aju
Then ([ly,], ), . isabounded net, since
(Ya)y =((Ya)+Ny) e, (EniCy)/ Ny,
where N, ={(yA)Aecx efw(EA;CX):Iim||yA||:O}.
Therefore, (na(Ya))ac. is o(X7,X")-bounded in X, since it is bounded in

X < X7,

Thus, the G(XH,X*)-C|OSUI’E of {na(Ya):AeCy} in X iscompact.

Hence the weak-* limit of (n, (yA))Aecx over U exists.

Define a mapping \P:( 1 EAJ —— X" by
]

AeCy

\P((yA)U ) = Weak*"m (ﬂA(yA)) :
If 7 is a projection of X~ onto X, and J, is the natural isometric embedding of X onto

( IT Aj , then the composition maps
U

AeCy

X s (HAJ L{n EAj Y X"y X
U U

AeCy AeCy

is the identity map on X, where @ :( I1 Aj —{ I1 EAJ is the map given by
U U

CD((XA)U)z ((PA(XA))U .
Thatis (o W)e(®od,) =id,.

Therefore X is isomorphic to a complemented subspace of the ultraproduct ( I EAJ of all
AeCy u

companions E, eE of AeC,. 0

Using the proof of Theorem 3 with E = {fg}:;l, the following corollary is obvious.
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2.8 Corollary
If a Banach space X is locally {Eg};-factorable, 1<p<w,then Xisan L, space (or

an L, if 1<p<o).

29  Example
(i)  Consider the James space J, that is, the Banach space (J,]-||) of all real sequences

n—o i=1

X =(a,,a,,...) suchthat lima, =0 and (i(apZil —a,, )2) < oo, Where the supremum is taken

over all choices of n and positive integers p, <p, <:--<p,,, equipped with the norm

n 2\1/2
Il =sup(3(a,,., -2, ) ) -

The unit vector {e,} " form a basis of J.

Foreachn, let J, =span{e,,...,e }, then Jis (1+€) -locally {Jn}:zl, and hence, is locally
{J,}" —factorable.

(i) Every separable Hilbert space is locally {Jn}‘::1 -factorable.

Indeed, ¢, is isomorphic to a complemented subspace of J and J is (1+¢) -locally {J, }

o0
n=1"

2.10 Theorem
Let E be a family of finite dimensional Banach spaces, and let Y be a Banach space
complemented in its bidual. If Ext(W,Y) =0 for some Banach space W containing E

uniformly complemented, then Ext(X,Y) =0 foe any Banach space X which is locally E -
factorable.
Proof:

Let X be a Banach space which is A-locally E -factorable, and let U be an ultrafilter
refining the ordered filter on the net C,, of the finite dimensional subspaces A of X.

Let F: X — Y be a zero linear map and consider a locally factorable diagram for
A eC, withrespectto E, eE

i
A 2> X

f{h\ / n.,
I,

Then Fon, :E, =Y isaz-linear map.
So there is a constant t, independent of A and a linear map L, :E, =Y such that

IFona () —LaW)<tZ(Fen,)y|. yeEa.
If xe X, then x=x, €A for some AeC,.
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ILn 0 @a (X < [LAPA (Xa) = Fa (@ X))+ [Fa (@0 X))
<tZ(Fom,)|oa ()] +[F(x,)|
<AZ(F) [ allIna XAl +F (X))
< 02Z(F) [xa |+ [F (<)

Let CD:( I1 AJ ( ImL (EA)] be the map given by

AeCy AeCy

D((Xa)y) =(Lac@a(Xa))y-
As in the proof of Theorem 3, the G(YH,Y*) -limit of (L, 0, (Xa))acc, OVer U exists in

Hok

Y .
Hence, we can defineamap V¥ : [ [TL (EA)j —— Y7 by

AeCy
\P((LA °@a(Xa))y ) = Weak*“m(LA O(PA(XA)) .
Given a projection = of Y™ onto Y and putting L =¥ o®oJ, where J, is the natural

isometric embedding of X into ( I1 AJ we have for every X e X,
U

FO) - L0 < [ [F6) - Lo
el [Fe0 - e (x|

- ||n||Hweak*IiLrJn(F(x) L e@a(X,)

= | [weak * im(F < 11, (0 (X))~ L (04 (%)

< tAPZ(F) || [||-
Thus F is trivial.
Therefore Ext(X,Y) =0 for any Banach space X which is locally E -factorable.

0

2.11 Definition

Let E be a family of finite dimensional Banach spaces. A Banach space X is said to be
A-colocally E -factorable (or simply colocally factorable E) if there is a constant A such that
for every finite dimensional quotient B of X, there is E; € E, a companion of B, such that the

quotient map g : X — B factors to bounded linear maps vy, : X - E; and y, :E; — B with
lwe| <t and |yg| <A through Eg, the diagram

X_>B

N

is called a colocally factorable diagram for B.
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2.12 Theorem

A Banach space X is A-colocally E -factorable if and only if X" is A-colocally E"-
factorable.
Proof:

Suppose that X is A-colocally E -factorable.
Let B be a finite dimensional subspace of X" .

Since Bis o -closed, B =(X/A)" for some closed subspace A of X which implies that B is
a quotient of X, since B" = (X/A)" =X/A.
Consider a colocally factorable diagram for B”, and then take adjoints of its maps

q
X — B BB—»X

NSNS

we have a colocally factorable diagram for B, since
yoy =q =g,
Therefore X” is A-locally E” -factorable.

Conversely, suppose that X~ is A-locally E”-factorable.
Let B=X/A be a finite dimensional quotient of X. Then B" = (X/A) = A" is a subspace of

X" and the adjoint of the quotient map ¢: X — B is the inclusion map q :B" — X" of
B into X', where A* is the annihilator of A.

Hence, there is E* € E™ and bounded linear map B'—2—>E —2—» X" such that
Nee=q’, with ||(p|| <A and ||n|| <A.

If we take adjoints of the maps, we have

X —»H
N

It is to see that ¢ on*‘x =q**‘x =q.

Therefore X is colocally E -factorable. ]

2.13 Corollary
Q) All L spaces are colocally E -factorable whenever an L_ space is contained in a

locally E -factorable space.
(ii)  AIll L, spaces are colocally E”-factorable whenever an L space is contained in a

locally E -factorable space.

2.14 Theorem
If the dual X" of a Banach space X is A-colocally E”-factorable, then X is A(l+ €) -
locally E -factorable for every e>0.
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Proof:

Suppose that X~ is A-colocally E”-factorable.
Let A be a finite dimensional subspace of X.

Then A" =X/A" is a quotient of X".
Hence, there is E* € E™ and bounded linear maps X —Y—E —X—>A" such that
yoy=q with |y|<A and |y| <A where q: X" — A" is the quotient map.
If we take adjoints of the maps, we have
i“!. = J"‘l‘”‘ _':‘l> x .

-:_.-0\ /“_t
E"=E

Since q is the inclusion map of A=A" into X, we have
A=q(A)=vy (Y (A)c v (E).
By the principle of local reflexivity, for every e>0, there is an (1+ €) -isomorphism
T:y (E) - X suchthat Tx=x for all x ey (E)~X which implies that
(Tow)oy =0 =i,.
That is, we have the diagram

A 4% X

Ny

is a locally factorable diagram for A.
Therefore X is A(L+€) -locally E -factorable, since [Toy"| <r(l+e). 0

2.15 Corollary

Let X be a Banach space. If X is locally E -factorable (resp. colocally E -factorable),
then X is locally E -factorable (resp. colocally  E -factorable).

2.16  Theorem
Let X and Y be Banach spaces and let y, : X =Y, y,:Y — X be bounded linear
operators such that y, oy, =id, . If X is colocally E -factorable, sois Y.

Proof:
Suppose that X is colocally E -factorable.

Then X is locally E” -factorable by Theorem 2.12.

Let B be a finite dimensional subspace of Y~ .

Then A=y, (B) is a finite dimensional subspace of X".

Hence there is E” ¢ E™ and bounded linear maps A—2—>E —15X" such that nog=i,.
Put @y =@oy; and mg =y, on where y,:Y —X and y,:X — Y are the adjoint
maps of vy, and v, , respectively.

*

Thus the composition map n; o g is the identity operator id,. on Y .
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Hence Y~ is locally E” -factorable which implies that Y is colocally E -factorable by
Theorem 2.12. 0

2.17 Corollary

If X'is colocally E -factorable, so is every complemented subspace of X, and every
Banach space isomorphic to X.
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